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Abstract 
The paper aims to study, the effect of rigid boundary on the propagation of torsional surface waves in initially stressed gravitating 
dry sandy half space. The mathematical analysis of the problem has been dealt with the Whittaker function. Assuming the 
expansion of the Whittaker function up to linear term, it is concluded that the gravity field will always allow torsional waves to 
propagate. The expansion of the Whittaker function up to quadratic terms shows two such wave fronts may exist in the medium. 
Finally, it is concluded that the sandy medium without support of a gravity field cannot allow the propagation of torsional surface 
waves, where as the presence of gravity field always supports the propagation of torsional surface waves regardless of whether 
the medium is elastic or dry sandy. Numerical results analyzing the velocity equations are discussed and presented graphically. It 
has been observed that density, rigidities play an important role for the propagation of torsional surface waves. It has been seen 
that as the non-homogeneity parameter in the layer increases, the velocity of torsional surface wave also increases. It has also 
been observed that an increase in compressive initial stresses decreases the velocity of torsional surface wave. 
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1. Introduction 
The study of seismic waves gives important information about the layered earth structure and has been used to 
accurately determine the earthquake epicenter. There has been considerable interest generated in recent years on 
wave propagation through naturally occurring media and man-made materials in view of widespread applications in 
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acoustic signal transmissions, seismically induced motions, noise control, non-destructive evaluation, subsurface 
exploration etc. Artificially generated seismic waves provide information about the configuration of rock layers for 
oil exploration and, on a smaller scale, information as to the rigidity of shallow layers for engineering purposes. 
Earthquakes generate waves on the large scale, with surface waves observable after several trips around the world, 
and their systematic study has obvious implications for man’s safety, as well as for his curiosity concerning the 
structure and evolution of the earth. Thus, modeling of seismic wave propagation plays a significantly important role 
and is of great utility in the exploration of petroleum, earthquake disaster prevention, civil engineering and signal 
processing. Surface waves carry the greatest amount of energy from shallow shocks and are of primary cause of 
destruction that can result from earthquakes. Hence, the study of surface waves is important to seismologists due to 
its possible applications in geophysical prospecting and in earthquake damage assessment. At the present time, little 
work has been done in the analysis of surface waves propagating through multiphase media, in particular when there 
are two constituents (solid and fluid). One type of surface wave may be available in non-homogeneous Earth known 
as torsional surface waves (i.e. waves with amplitudes exponentially decaying with distance from the free surface). 
These waves are horizontally polarized but give a twist to the medium when it propagates. Although much 
information is available on the propagation of surface waves such as Rayleigh waves, Love waves and Stonely 
waves etc., the torsional wave has not drawn much attention and very little literature is available on the propagation 
of this wave. The Earth is considered to be a layered elastic medium with variation in density and rigidity in 
constituent layers. Therefore the torsional surface wave must propagate during earthquakes. The near surface of the 
Earth consists of layers of different types of material properties overlying a half space of various types of rock, 
underground water, oil and gases. So, the studies of the propagation of torsional surface waves will be of great 
interest to seismologists.  
    Recently a lot of work has been done by many researchers in the field of wave propagation. Numerous papers on 
the subject have been published in various journals. Much information about the propagation of seismic waves is 
available in the well known book by Ewing, Jardetzky, and Press in 1957. Ewing et al. [1] has given the basic 
literature on the propagation of elastic waves. All papers in the literature are related to the studies of surface waves 
of types Rayleigh and Love. The equations for an incompressible solid under hydrostatic pressure have been derived 
by Love [2]. The history of the research of surface waves in elastic media has its beginning in the paper by Lord 
Rayleigh in 1885 [3]. Lord Rayleigh in 1945 [4] showed that an isotropic elastic half space does not allow torsional 
surface waves to propagate.  
The Earth is also an initially stressed medium. The development of initial stresses in the medium is due to many 
reasons, for example resulting from the difference of temperature, process of quenching, shot peening and cold 
working, slow process of creep, differential external forces, gravity variations etc. It is therefore of much interest to 
study the influence of these stresses on the propagation of torsional surface wave not for theoretical taste only but for 
practical purposes too. These stresses have a pronounced influence on the propagation of waves as shown by Biot 
[5]. Biot [6] showed that the acoustic wave propagation under initial stress was fundamentally different from the 
stress free case and could not be represented by simply introducing into the classical theory and the stress dependent 
elastic coefficients. In his treatment he considered the fluid as a particular case of an elastic medium under initial 
stress with rigidity zero. Later on, Meissner in 1921 [7] studied the propagation of torsional surface waves in an 
inhomogeneous elastic half space and pointed out that quadratic variation of shear modulus and linear variation in 
density with depth, torsional surface waves will propagate. Recently, Vardoulakis in 1984 [8] has shown that 
torsional surface waves also propagate in a Gibson half space in which the shear modulus varies linearly with depth 
but density remains constant. 
Torsional waves in an initially stressed cylinder have been studied by Dey and Dutta in 1992 [9]. The existence 
and propagation of torsional surface waves in an elastic half space with void pores has been discussed by Dey, 
Gupta, and Gupta in 1993 [10]. The propagation of torsional surface waves in a visco-elastic medium has also been 
studied by Dey, Gupta, and Gupta in 1996a [11] or in 1996b [12]. The torsional wave propagation in a two-layered 
circular cylinder with imperfect bond has been investigated by Bhattacharya [13]. Propagation of torsional surface 
waves in a homogeneous layer of finite thickness over an initially stressed heterogeneous half-space has been 
studied by Gupta et al. [14] Dey et al. [15] studied the propagation of torsional waves in a homogeneous substratum 
over a heterogeneous half-space. Dey et al. [16] have studied effect of irregularity on the propagation of torsional 
surface waves in an initially stressed anisotropic porous-elastic layer.  
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    The earth is a gravitating medium. The acceleration due to gravity G has a greater role to play in studying the 
dynamic and static problems of the earth. The effect of gravity on the surface waves in a dry sandy layer has been 
studied by Dey and Chandera in 1983 [17], Dey and Chakeraborty in 1983 [18] have studied the effect of gravity 
and initial stresses on the propagation of Love waves in a transversely isotropic medium. The effect of gravity on 
Rayleigh waves has been studied by Dey and Mukherjee in 1984 [19]. Propagation of torsional surface waves in dry 
sandy medium under gravity has been discussed by Dey et al. in 1998 [20].  
    A study of the effect of inhomogeneity on the propagation of surface waves provides an interesting field for the 
application of mathematical technique and in addition, is of practical importance to seismologists because in any 
realistic model of the earth there is a continuous change in the elastic properties of the material in the vertical 
direction giving rise to inhomogeneity. The inhomogeneity factor due to quadratic and hyperbolic variations in 
rigidity, density and initial stress of the medium decreases the phase velocity as it increases. Torsional surface wave 
is one kind of surface wave which is horizontally polarized but gives a twist to the medium when it propagates. It 
has been confirmed that although homogeneous elastic half-space does not allow torsional surface waves to 
propagate but certain types of non-homogeneity in the layers allows it to propagate. Chattopadhyay et al. [21] have 
studied propagation of torsional waves in an inhomogeneous layer over an inhomogeneous half-space which is 
concerned with the study of propagation of torsional waves in an inhomogeneous isotropic layer whose material 
properties vary harmonically with a space variable, lying over a semi-infinite inhomogeneous isotropic half-space.  
Torsional wave dispersion relations in a pre-stressed bi-material compounded cylinder with an imperfect interface 
have been studied by Kepceler in 2010 [22]. Murakami and Yamakawa [23] studied torsional wave propagation in 
reinforced concrete columns. Also torsional waves in a stressed elastic tube filled with a viscous fluid has been 
studied by Demiray [24]. Propagation of torsional surface waves in heterogeneous half-space with irregular free 
surface has been studied by Selim [25]. The propagation of torsional waves in a prestressed compound (bi-layered) 
hollow circular cylinder has been investigated by Ozturk and Akbarov [26] within the framework of a piecewise 
homogeneous body model, with the use of a three-dimensional linerized theory of elastic waves in initially stressed 
bodies.  
    It is observed that gravitating dry sandy medium under initial stress allows the torsional surface waves to 
propagate. It is also observed that in the absence of initial stress, i.e., when the dry sandy medium under gravity 
allows torsional surface waves to propagate which coincides with the result obtained by Dey, Gupta, and Gupta in 
1998. In the absence of initial stress and gravity field, the torsional surface waves do not propagate in the sandy 
medium and also in an elastic homogeneous medium. The present paper attempts to study the effect of gravity and 
initial stress on propagation of torsional surface waves in a sandy medium. It has been found that as compressive 
initial stresses increases the velocity of torsional surface wave increases for the same frequency. It has been 
observed that decrease in tensile initial stress decreases the velocity of torsional surface wave for the same 
frequency. It is seen that as the value of density parameter increases, the velocity of torsional surface wave 
decreases. It has also been found that as the value of directional rigidity parameters increase, the velocity of 
torsional surface wave decreases. It is concluded that in the gravitating earth under initial stress, regardless of 
whether the medium is taken as sandy or elastic, the torsional surface waves will always propagate. 
 
Nomenclature 
P    Initial Tensile Stress along the r direction   1J kr     Bessel’s function of first kind  ,0mW G  Whittakar function 
2. Formulation 
    For studying torsional waves, a cylindrical coordinate system is introduced, with the z-axis towards the  interior 
of the elastic half space consisting of dry sandy material. The half space is under the action of gravity field and 
initial stress. 
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Fig. 1.Initially stressed dry sandy half-space under gravity. 
    The origin of the coordinate system is located on the free surface. If r & T  are the radial and circumferential 
coordinates respectively, and if the wave travels along the radial direction only, the equation may bewritten as Biot 
(1965). 
  222 12r z r z
v v vP gz e gz
r z r z r r r t
T T T T
V V V U U Uª ºw w w w w w§ ·ª º       « »¨ ¸¬ ¼w w w w w w© ¹¬ ¼                                                               (1) 
where, 
( , , )v r z t  is the displacement along the ߠdirection 
U  is the density 
g is the acceleration due to gravity 
P is the initial tensile stress along the r direction 
2.1. Solution 
For gravitating dry sandy medium under initial stress, the stresses are related to strain by :- 
2r rNeT TV  ,  2z zNeT TV   
where, 
1
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From relation ͳሺܽሻ we have, 
2
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Thus, equation (1) using the above relations, takes the form 
2 2 2
2 2 2 2
1 1
2 2 2 2
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                                                         (2) 
we assume a solution of equation (2) in the form    1 iwtv V z J kr e  
where,  V Z  is the solution t 
 '' 2 ' '' 211 1 1 1 1212 2 2 2iwt i t i t iwtJ k P gz gµ gz J k J Ve µ V J e V J e w VJ err Z ZU UK U K U§ ·§ · § ·        ¨ ¸¨ ¸ ¨ ¸© ¹ ©¹ c¹©  
where,    1' '1 1 dJ krJ J kr dr   and   
 2 1'' ''
1 1 2
d J kr
J J kr
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' ' dV zV V z
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where, 
wC k  is the velocity of torsional wave. 
1C
P U  is the velocity of shear wave in the elastic medium 
gG k
U P  is the Biot’s gravity parameter 
and  1J kr  is the Bessel’s function of first kind dividing throughout by coefficient V” , we get 
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substituting, 
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Thus, (3) becomes 
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Again substituting 
4
1
2 2
P Gkz
G µ
KG K K
§ ·§ ·  ¨ ¸¨ ¸© ¹© ¹
 in equation (4), 
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Thus from (4), we have 
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Putting 
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, we have 
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Equation (5) is known as Whittaker equation, whose solution is 
     1 ,0 2 ,0m mAW A WI G G G                                                                                                                                   (6) 
Since the solution should vanish at z of  (i.e for ߜ ՜ െ∞) we may take the solution as, 
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Hence the solution of equation (2) may be written as: 
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3. Boundary Condition 
    The boundary condition for torsional surface waves propagating in initially stressed gravitating dry sandy medium 
under rigid layer is v=0 at z=0                                                                                                                                      (9) 
which gives, 
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                                                                                              (10) 
Taking different expansions of Whittaker function the velocity of torsional surface waves have been obtained as 
discussed in two cases. 
 
3.1. Case I 
 
    Expanding the Whittaker function up to linear term the velocity equation has been obtained as:- 
1
2
2
1 2 2 4
2
C G P G
C P
P
P P K KP
­ ½° °° °  ® ¾§ ·° °¨ ¸° °© ¹¯ ¿
                                                                                                                           (11) 
 
3.2. Case II 
 
    Expanding the Whittaker function up to quadratic terms the dispersion equation has been obtained as:- 
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where, 
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3.3. Particular Cases 
 
3.3.1. Case I 
 
    For dry gravitating sandy half space in the absence of initial stress (P=0) 
Equation (11) and (12) gives 
1
2
1
1
2 2
C G G
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ª º§ · « »¨ ¸© ¹¬ ¼
                                                                                                                                                 (13) 
and, 
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                                                                                                                                        (14) 
2
1 2
G
x GK  ;  
4 3 2
2
3
4 2 4
G G G
x K K    
respectively, showing that torsional surface waves do exist. 
 
    When the half space is elastic i.e. K =1, P=0,  G=0, equation (13) and (14) both give C=0, showing that the 
torsional surface waves do not propagate in an elastic homogeneous isotropic medium agreeing with Rayleigh 
(1945). 
 
3.3.2. Case II 
 
    For initially stressed dry sandy medium in the absence of gravity field (G=0), the velocity equation (11) & (12) 
gives:  
1 2
C P
C P                                                                                                                                                                (15) 
which exists if  ( / 2 )P P   is negative i.e., the initial stress is compressive. The result also shows that velocity of 
torsional surface waves does not depend upon  K   in the absence of gravity.  
 
4 Observation 
 
4.1 Observations for Case I 
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x In Fig.2, the curves are plotted with the dimensionless phase velocity 
1
C
C against the dimensionless Biot’s 
gravity parameter G for different values of sandiness parameter η in absence of initial stress. It has been 
observed that as the value of η increases, the phase velocity increases.  
 
x In Fig.3, the curves are plotted with the dimensionless phase velocity 
1
C
C against the dimensionless Biot’s 
gravity parameter G for different values of sandiness parameter η for constant initial stress -0.4. It has been 
observed that as the value of η increases, the phase velocity increases.  
 
x In Fig.4, similar pattern has been observed as in Fig. 3. 
 
The present study may be useful for the study of seismic waves generated by artificial explosions. 
 
 
Fig. 2. Velocity of torsional surface waves for K = 1, 1.5, 2.5 in absence of initial stress. 
 
Fig. 3.Velocity of torsional surface waves for K = 1, 1.5, 2.5 in presence of initial stress. 
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Fig. 4.Velocity of torsional surface waves for K = 1, 1.5, 2.5 in presence of initial stress. 
 
5. Conclusion 
Propagation of torsional surface wave in initially stressed gravitating dry sandy medium when upper half plane is 
rigid has been investigated analytically. Study has been made on sandy parameter and found that under a rigid 
boundary plane, torsional surface wave propagates with more ease when the half-space is dry and sandy rather than 
being elastic.  
x Our study shows that torsional surface waves do not travel in elastic homogeneous isotropic medium in absence 
of gravity field. 
x Further, we have seen that torsional surface waves exist in absence of gravitational field only in the initial 
stress. 
x In the graphs plotted, we observed the effect of sandiness parameter on torsional surface waves. 
x In each one of the graph we observed that the sandiness parameter, initial stress and Biot’s gravity parameter 
plays a significant role on propagation of torsional surfave waves. 
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